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Abstract

I use market-clearing identities to derive sufficient statistics formulae for the quan-
tity and value of the average investor’s private information. The inputs required to
operationalize these formulae are closely related to the outputs of the price-dividend
predictability literature. Using estimates from this literature suggests that the average
investor possesses substantial information; but that little of this information is im-
pounded in prices; and that an uninformed investor would experience only a very small

increase in returns if given access to this information.
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1 Introduction

The standard view of financial markets is that they aggregate the dispersed private infor-
mation of participating investors (Grossman 1976). The objective of this paper is simple
to state, and is to give quantitative answers to the following questions: How much private
information do investors have? How much of this information gets impounded into prices?
And how valuable is this information, as measured by its effect on portfolio returns?

In this paper I develop a methodology for answering these questions. The methodology
yields formulae based on a small number of sufficient statistics. These formulae emerge from
a relatively general framework in which investors trade both because of differing expectations
about returns, and because of shocks to desired holdings that resemble discount rate shocks.!
The formulae arise from the exploitation of the market clearing condition, coupled with a
focus on the first two moments of all relevant distributions.

I focus on information about aggregates. In this case, the sufficient statistics that enter
the formulae I derive for the quantity and value of investor information are closely related
to the objects estimated by the literature that studies the predictability of market returns
and dividends using the price-dividend ratio. I operationalize the formulae for the quantity
and value of investor information using the estimates of Binsbergen and Koijen (2010).?
The formulae I derive make clear the relevance of conditioning on the history of prices and
dividends when forming expectations, and a distinguishing feature of Binsbergen and Koijen
(2010) is to present a tractable method of doing exactly this.

The formulae I derive yield the following findings, given inputs from Binsbergen and
Koijen’s empirical analysis. First, the average investor has substantial information: quan-
titively, this information reduces an investor’s perceived variance of future dividends by
approximately 10%. Second, the information possessed by the average investor is large
relative to the information contained in prices: quantitively, information in prices reduces
perceived variance of future dividends by only approximately 1.5%. Third, the value of the
average investor’s information is nonetheless small: an investor who is affected by discount
rate shocks in the same way as the average investor, but who lacks the average investor’s
information about future dividends, would realize a return that is just a handful of basis
points lower than that of the average investor.

The economic underpinning of the formula for the average investor’s information is as

follows. The price-dividend predictability literature has found that high ratios predict low

1See Diamond and Verrecchia (1981) and its subsequent dynamic extensions, e.g., Watanabe (2008), Biais
et al (2010).

2Closely related to these authors’ approach, see the survey of Koijen and Van Nieuwerburgh (2011), and
Cochrane (2011).



returns. Since subsequent dividends are observed, an econometrician can isolate fluctuations
in the price-dividend ratio due to fluctuations in future dividends that are forecastable by
investors. The only effect of positive innovations to future dividends on the econometrician’s
information is to raise current prices. Hence positive innovations to future dividends reduce
the econometrician’s expectation of future returns. But for market clearing to hold, positive
innovations to future dividends cannot reduce the average investor’s expectation of future
returns. By quantifying this observation, I quantify the amount of information that the

average investor must possess.

Related literature:

This paper is related to the large literature on price-dividend predictability. That lit-
erature adopts the (typically implicit) view that investors are symmetrically informed, and
possess information unobservable to the econometrician. A separate and primarily theo-
retical literature has studied the process by which prices come to contain information, and
emphasizes the idea that investors observe independent and noisy signals of economic funda-
mentals, which are aggregated into the price (classical references are Hayek 1945, Grossman
1976, Hellwig 1980). Ilink these literatures by showing how estimates from the price-dividend
predictability literature can be used to infer how much information dispersed investors have.

Related, a significant literature quantifies the information content of prices (e.g., Bai,
Savov, Philippon 2015). In this paper I use estimates of the information content of prices to
infer the information possessed by individual investors.

This paper is complementary to Kadan and Manela (2019), who quantify the value to an
investor of a given signal, for example, learning the content of a macroeconomic employment
report before other investors. Instead, in this paper I use observed correlations between
prices and subsequent returns and dividends to infer how much information the average
investor possesses. I also estimate the value of information in a very different way to Kadan
and Manela, specifically, via a second application of market-clearing implications.

This paper is likewise complementary to Egan, MacKay, and Yang (2021), who use a
revealed-preference approach to infer the expectations of investors who buy index funds.
Theirs is a partial equilibrium approach in the sense that it takes fees as given. In contrast,
the approach in this paper depends critically on market-clearing arguments. Relative to
Egan, MacKay, and Yang, this paper has the advantage of shedding light on the information
of the average of all investors in the market; but the disadvantage of saying nothing about
heterogeneity among investors.

The Probability of Informed Trade (PIN; Easley, Kiefer, and O’Hara 1996) quantifies the
fraction of trade stemming from informed traders, and as such measures the extensive margin

of information. In contrast, the measure in this paper captures both intensive and extensive



margins. The measure in the current paper is also constructed entirely from pricing and
dividend data, and does not require the use of order flow information, and as such is robust
to changes in trading patterns (such as the proliferation of trading venues and the increasing
prevalence of high-frequency traders). Also related, Kyle’s lambda (Kyle 1985) is frequently
estimated, and used as a proxy for the prevalence of informed trade; but it is challenging to
relate the estimated value to a cardinal measure of the amount of informed trade.

The framework used to derive sufficient statistics formulae is related to Watanabe (2008)
and Biais et al (2010). These papers note that uninformed investors will (rationally) experi-
ence below-market returns, because they increase their holdings when future returns are low.
Glode (2011) and Savov (2014) use related observations to rationalize investment in active
mutual funds with negative alphas, along with providing some evidence. The same economic
force operates in this paper. Nonetheless, my estimates suggest that the “underperformance”
of an uninformed investor is quantitively small.

Kurlat (2019) derives and implements a sufficient statistics formula for the ratio of private
to social value of information in what is essentially the origination part of financial markets.
This paper instead examines the amount and private value of information in a secondary
financial market. Bond and Garcia (2021) theoretically characterize the social value of private

information in a related setting.

2  Framework

I derive sufficient statistics formulae using a general framework in which investors trade both
because of differing expectations about returns, and because of shocks to desired holdings
that resemble discount rate shocks. The framework is closely related to the canonical models
of Grossman and Stiglitz (1980), Hellwig (1980), and especially Diamond and Verrecchia
(1981). Following these papers, all random variables below are normal. As such, all results
should be interpreted as approximations based on the first two moments of distributions.

The framework features a single risky asset. In the empirical implementation I will
consider the S&P 500 index. I conjecture that many of the insights of the paper can be
extended to multi-asset models.

A unit continuum of investors, indexed by ¢, trade a risky asset and a risk-free asset. The
gross return of the risk-free asset is R;, and the price of the risky asset at date ¢ is P;. The
risk-free asset is in zero supply, and the supply of the risky asset is normalized to 1. The

risky asset pays dividends D; at the start of each period ¢. The (absolute) excess return on



the risky asset from date t to ¢t + 1 is
X1 = Py1 + Dy — RUP,

Write Z; ; for investor 4’s information at date ¢. Let investor ¢’s demand ¢;, for the asset be

a function of the expected return, F [Xy1|Z;,], and factors unrelated to returns, Z; + ;4

Gt = AE [ Xi|Liy) — Bi (Zy + i) - (1)

In (1), A; and B; are potentially equilibrium objects. In particular, in the standard mean-
variance framework, A; depends on the combination of investor i’s risk tolerance and var [Xy41|Z; 4],
where the latter is an equilibrium object.

The term Z, is an aggregate shock to investors’ desired asset holdings. As such, Z; shifts
prices independent of expectations of dividends. Following the literature, I will typically
refer to Z; as a discount rate shock. Similarly, u;, is an investor specific shock to desired
holdings.

Write H,; for the history of exogenous cash flows and aggregate discount rate shocks, i.e.,

Hy ={Dy, Z; 1,Di_1,Zi_2,Dy_o,...}. Define the innovations

€Dt = Dy —FE [Dt+1|7'lt]
€zt = Zt —F [Zt|Ht] .

Assume ep, and ez, are stationary, uncorrelated, and normally distributed. As noted, the
normality assumption means that all results should be interpreted as approximations based
on the first two moments of distributions.

The assumption that ep; and €z, are uncorrelated is important. While the analytical
results below can be generalized to allow for correlation (notes available upon request), these
generalizations are much harder to empirically implement. The assumption that dividend
and discount rate innovations are uncorrelated fits well with how the literature has conceived
of the origins of discount rate fluctuations (e.g., see review in Cochrane 2011). Even in
a consumption-based asset pricing paper such as Bansal and Yaron (2004), discount rate
fluctuations stem largely from fluctuations in cash flow volatility that are assumed to be
uncorrelated with cash flow innovations.

Investor i observes at date t a private signal of date ¢t + 1 dividends,

Yit = €Dt T+ €ty



where €, ~ N (0, Ti_l). In particular, 7; is the precision of investor i’s private signal. Note
that the shock Z; 4+ u; ¢ both directly affects investor ¢’s asset demand, and also serves as a
signal about Z;.

By standard arguments, in equilibrium the price innovation P, — E [P,|H,] is linear in the

exogenous innovations to dividends and aggregate discount rates,
P, — E[P,|H,] = cpepy + czezy.

Investor ¢’s information Z;; consists of H;, combined with prices {P;, P;_1,. ..}, private
shocks to asset demand, {Z; + u; 4, Z;—1 + u; -1}, and private dividend signals {y; +, yi+—1, - . .}
The inclusion of the lagged realization of the aggregate discount rate, i.e., Z;_1, in Z; ; reflects
the fact that this realization can be inferred from the history of dividend and price realiza-
tions. But an individual investor ¢ does not know the contemporaneous aggregate discount
rate shock; instead, investors know only their own trading preferences, Z; + u; ;.

It is useful to keep track of two further information sets. First, Zy,;, is investor i’s
information excluding the sequence of private signals about dividends ;. For investors for
whom private signals are worthless, 7; = 0, the information sets Z;; and Z;; coincide. I
refer to an investor with information Z,;; as being uninformed; though such an investor has
a signal Z; + u;; about the discount rate innovation €z,. Second, J; is the econometrician’s
information set, which consists of H; augmented with the history of prices {P;, P,_1,...}.

As written, the only public signals are the realizations of prices and dividends. It is
straightforward to extend the framework to incorporate additional public signals, such as
public macroeconomic announcements. Under such an extension, the required inputs would
be the outputs of predictability regressions that incorporate the same set of public announce-

ments.

3 Conditional distributions

€
I start by collecting results on the conditional distributions of ( b ) under different
€2t

.. . . . €Dt .-
conditioning information. In particular, the moments of < ) conditional on Z; 4, Zy ; ¢,
€zt

and J; have simple linear relations.
An input for the results in this section is the observation that, because Z;, Zy,;+, and J;
all include the date ¢ price P, and because the price is determined by the innovations ep

€Dt

and €z, the variance-covariance matrix of ( ) conditional on each of these information

€2t



sets is singular. Formally, this follows from (using 7; as an example)

2
var ez T = (C—D) var [ep | Ji]

Cz
c
cov ez €ps| i) = —C—Dvar lept| T, (2)
A
implying
var [ez.| T var [ep | T] — cov ez, 6D7t\jt]2 = 0. (3)

The results in this section follow from this observation, combined with manipulation of
standard updating rules for normally distributed random variables.

Relative to the econometrician’s information set J;, Zy;+ contains Z; 4+ u; . Define

_ var [z T
var ez Ji) + var [u;4]’

which measures an uninformed investor’s informational advantage relative to the econome-
trician. It ranges from 0 (if var [u;¢] = 0o, no information advantage) to 1 (if var [u;,] = 0,
maximal information advantage since an uninformed investor knows €z, and hence can infer

€p from the price P,).

var | [ P ) 1Tl = (1= mvar [epdlZia) var | [ P ) |Tos. (4)
€21 €zt
€Dt €Dyt

var Zoit| = (1—=T)var |t - )
€74 €zt

A key ingredient for equilibrium relations is how the sensitivity of the conditional expec-

Lemma 1

€Dt

tation of to its true value depends on the information set. The relation is most

€Z ¢
easily expressed in terms of forecast errors:

Lemma 2

0 [ €Dt ] €Dt 0
B B N2 e = (1-7 I E
Dep ( < €z ) | R ( - )) ( nvar [ED,t\ ,t]) ey <

0 [ €Dt ] €Dt 0
L 7 Liv| — ’ = (l-7 Z; E
@( ( )| ( )) (1 rvar e ]>8<




0 B €Dt |I()7i7t . €Dt _ (1 - T) 0 E €Dt |$ _ €Dt
Oepy L\ ez ] €24 Oepy €2 €2

0 E €Dt |IO,i,t _ €Dt _ (1 _ T) 0 E €Dt |$ _ €Dt ‘
Dezy |\ €zt ] €7t D€z €zt €zt

Finally, the following is helpful for parameterizing T, an uninformed investor’s informa-

tional advantage relative to the econometrician:

Lemma 3

var [ep | Ji]  var [ez.| T B
var [ep.] var [ez,]

In words: The econometrician’s information set includes the price P;, which is a function
of dividend innovations €p,; and discount rate innovations €z;. Lemma 3 says that the more
information that the price contains about €p ., the less it contains about €z ;.

The immediate implication of Lemma 3 is that an uninformed investor’s informational

advantage T relative to the econometrician is given by

UGT[ED,t‘\%]

]_ —
T_ UGT[ED,t] . (6)
1_ var[spyt\]t] var{u; 4]

var I:EDyt:I var[ez’t]

4 Private information of the average investor

4.1 The average investor

The general framework allows for a great deal of heterogeneity of investors; in particular,
it places no restrictions on the distribution of characteristics (A;, B;, 7;) over the investor
population.

Nonetheless, the equilibrium price coincides with the equilibrium price in an economy in
which agents are ex ante identical, i.e., share a common (fl, B, ?). This representative-agent
characterization of the economy is simply a modest generalization of various results in the
existing literature.

The market-clearing condition is

/qi,tdi = 1a



which implies

aQi,t

i = 0 7
it (7)
gt .
—di = 0. 8
A trivial decomposition of gg—;’tt and gf;’i 18
0qi 0Xi41 0
aEDi 8€D’t 8€D’t ( t+1 [ t+l| ,t])
0qi 0Xi41 9
S = (A - By ) — A (X — B [T
Oezy ( Oezy Oezy (Kot PonalTue)

Here, the first term in each expression is the change in asset demand of investor who perfectly
forecasts the return X;,;, and the second term represents the underreaction stemming from
imperfect information.

Combined with Lemma 2, and using the fact that the information sets Z; ; and Z,, ; both

contain the contemporaneous price P;, these decompositions yield

Jy 0X, o
Gt _ 4,080y (1 —mwar lep|Zit]) == (X1 — E [ Xex1]Zo,i4)) (9)
aED,t 8€D,t 8€D,t
dq; 00X, P
aeqztt - (Ai 062;1 - Bi) — A; (1 — mvar [ep | Ziy]) —a€Z7t (Xes1 — E [ X11To,44)) -(10)

Substituting into the market-clearing conditions (7) and (8) delivers the following repre-
sentative agent result. Here, the notation var [-|Z; (7)] means the conditional variance as

perceived by an investor who observes private signals of precision 7.

Lemma 4 The equilibrium price coefficients cp and cz coincide with those in an economy

in which all investors are ex ante identical, i.e., (A;, Bi, 7i) = (/_1, B,f') for all @, where

[ Airvar lep 4| Z; 4]
A

J Bi

J A

I will refer to the 7 defined by Lemma 4 as the precision of the average investor’s private

Tvar [ep+|Zis (T)] =

SNl ]

information. As the lemma establishes, it is determined as a weighted average of the cross-

section of signal precisions, where the weights are the coefficients A; that determine the



sensitivity of investor i’s trade to expectations about the excess return. For use throughout,
define
T = Tvar [ep| it (T)],

which measures the information advantage of the average investor relative to an uninformed
investor (see Lemma 1, or (12) below). Observe that 7 ranges from 0, corresponding to no
information advantage, to 1, corresponding to 7 = oo, i.e., the average investor perfectly

observes the dividend innovation €p ;.

4.2 Measuring the information of the average investor

The main observation of this section is that the precision of the average investor’s private
information can be expressed in terms of sufficient statistics that can be estimated using
only aggregate data.

The key step is the application of market-clearing. Condition (7) for the average investor

18

_0X _ 0
AZEE A1 = T) 25 (Xe1 — B [Xeni[Zoai]) =0, (11)
Oepy Jep ¢
which rewrites to
0Xi41
Oep ¢
1-7T = : .
7 (X1 — E[Xe1|To4])
86D’t

By Lemma 2, and using the fact that the information sets Zy,; and J; both contain the

contemporaneous price P,

0 0
(X1 — B[ X1 |Zosy]) = (1=7) (Xey1 — F [ X1 T)
Oepy Dep
implying oy
t+1
1-T)(1-T)=— Ocps

(Xes1 — E [ X | T

86D’t
By construction, the dividend innovation €p; affects the econometrician’s information set J;

only via the price P;. Hence:

Proposition 1 The average investor’s informational advantage is given by

0Xiy1
1=T)(1-T) = el :
8Xt+1 _ aE[Xt+1|jt} aPt
Oep OP; Oep i

Proposition 1 says that the average investor’s informational advantage, as given by the



combination of 7 (the precision of the average investor’s signal about dividend innovations)

and T (the informational advantage of investors, who observe their own discount rate shocks

Zy + u;y, relative to the econometrician) can be inferred from the objects 6‘21; v 8E[‘§t£1|‘7’5},

0X,
and a—tﬂ
€D,t

OP,
O€p ¢

is the relation between today’s price and the innovations to next period’s

OE[X¢41|Jt]
oP;

0Xit11

Oep ¢

, the direct effect of the dividend innovation €p; on D,;y, which is

In words,
dividend. It is related to ability of prices to forecast future dividends. Likewise,
is related to the ability of today’s price to forecast next period’s return. Finally, is

OP;
Oep.t

simply 1, and the effect of the dividend innovation €p; on P4, which is determined largely

a combination of

by the persistence of dividend innovations.

Section 5 details how to relate these objects to the outputs of a typical predictability
analysis.

The economic idea behind Proposition 1 is as follows. Suppose that higher prices today
lead an econometrician to forecast lower returns, as the price-dividend ratio literature sug-
gests. But by definition, the average investor’s holding doesn’t change, since the average
investor must continue to hold the market supply. For this to happen, it must be the case
that the average investor’s expectation differs from the econometrician’s. In particular, the
average investor must observe private signals that are on average positive when prices are
high. Proposition 1 quantifies this statement.

To interpret Proposition 1: From Lemma 1,

Lo o v [eD,t|Ii,t(7"_)] ’ (12)
var [ep ¢ Zo,i+(T)]
var [ep | Zo,i+(T)]

1-T = 13
var [ep T (13)

i.e., the percentage reductions in the conditional variance of €p; associated with observing a
signal with the precision of the average investor’s signal, and associated with an uninformed

investor’s informational advantage relative to the econometrician.

4.3 Information in the price relative to the average investor’s in-
formation

The information of the average investor is given by Proposition 1. How does this quantity

of information compare to the information in the price?

The average investor forecasts dividends using the combination of his/her private signal;

his/her private information about the discount rate; and the date ¢ price. Together, these

10



three pieces of information affected an investor’s perceived variance of dividends according

to
var lepy|Ziy (7)) var[ep |Zi (7)) var [epy|Zosi(T)]  var [ep| Ti]

var [ep+| Dy, Ji-1] - war lepi|Zoit(T)]  wvarep Ti]  wvarlep Dy, Jio1]

(14)

The combination of the first two terms in this decomposition is given by Proposition 1. The
var[5D7t|Jt]

——L— =4 - measures the information in the price, and can be estimated.
UGT[ED,t‘Dtyjtfl]

final term,

4.4 The value of private information

What is the value of the average investor’s private information? I calculate by how much
giving an uninformed investor access to the average investor’s information would increase the
uninformed investor’s expected return. Observe that this exercise is well-defined regardless
of whether or not uninformed investors are actually present in the market.

The benefit of focusing on return differentials rather than, for example, willingness-to-
pay measures of utility differences, is that it is possible to give a sufficient statistics formula
for the return differential. In contrast, I have been unable to find a sufficient statistics
formula for willingness-to-pay in which the components can be estimated. In particular, a
utility-based measure would require estimates of investor risk aversion.

To isolate the value of information, I evaluate this expected return differential for an

investor who resembles the average in other dimensions. Concretely, I consider an investor

(4, B) - ( / Addi, / Bidz'), (15)

and compare the expected return from investment strategies made under the information of

with characteristics

the average investor,

Qrt = AFE [(Xei1|Zie (T)] — B (Zy + uiy)

and under the information of the uninformed investor,
Qo = AE [Xo1|Zoie) — B(Zy + uyy) -

Getting access to the average investor’s information would raise an uninformed investor’s

expected return by a fraction
E [qq‘-,tXt-i-l]
E o Xi41] '

As a first step in evaluating V', note that an investor with characteristics (A, B,i’) is a

v

(16)

representative agent for the economy, in the sense of Lemma 4. So as a direct consequence

of Lemma 4, the investment strategy of such an investor is independent of the aggregate

11



shocks ep; and ez,. This is a version of the “average investor theorem” of Sharpe (1991).

Corollary 1 24zt — amt _

O€ep ¢ Oez ¢

Corollary 1 and some straightforward manipulation and substitution (see proof of Propo-

sition 2) yields
1
V = 0 . (17)
1 4 COU[T7Xt+1]
E[Xe1a)?

Expression (17) relates the value of information to the covariance between an uninformed in-
vestor’s asset position, and returns. Decomposing this covariance into the parts attributable

to dividend and discount rate innovations gives

1 Oqo,¢

A ez (aXt—i-l

2
) var lep | + a5 —
’ OXtt1 Oe
852,,5 Zit

1 Oqo,t
, X _ Z aED + aXt—‘,—l
/_1 t+1| — 8Xt+1

((?eDy

)2 varlezs].  (18)

cov [

2
The key challenge in evaluating (18) is that while <8ft“> var [ez,] can be estimated—

Z,t

loosely speaking, as a residual, i.e., the variance of date ¢ expected excess returns that isn’t
1 9490,¢

attributable to cash flow innovations—this leaves the term @i . In particular, this term
an +

depends on the ratio B/A, which is unobservable.

The key step in characterizing the value of information is to use the market-clearing
1 %490,
f;)?jf; . Doing so yields a sufficient statistics expression for the value
aéZ,t

condition (8) to infer

of information V:

Proposition 2 The value of information V is given by (17), where

OXey1 0P 2
co [@ X }—_77 QT NI Y (AR R (19)
v Av t+1| — 1_7— 0P, 0Xi41 var €p,

Oe
Oez ¢ O€ep ¢ Dt

and

2
0Xt41 0Xit41
Oez ¢ + ( ezt var [EZ’t]

9P, 2
9P,
dez.t <—66t;t1) var [ez,4]

(20)

The covariance term (19) can be estimated. The first can be bounded using Proposition

1’s expression for the average investor’s information (1 —7) (1 — Y). The final term is the
aP,

variance of returns attributable to shocks to date t + 1 dividends. The ratio ;f’: can be
3eD +

12



0Xi41

straightforwardly estimated in the data. Finally, the ratio a;ﬁf can estimated using (20),

OEZ,t
i.e., from the ratio of the variances, each of which can be measured as a residual.
0Xi41

Note that estimating the ratio E via (20) fails to determine the sign of this ratio. In

aéZ,t
the numerical implementation, I compute (19) for both possibilities.

The estimated value of the covariance (19) is negative, meaning that uninformed investors
end up negatively timing the market, in the sense of increasing their asset holdings when
future returns are low. To see why negative covariance arises, consider a date t shock to
either discount rates or dividends that increases the return from date t to ¢t + 1. In response
to this shock, an uninformed investor’s expectations about returns rises less than informed
investor’s (see Lemma 2). By market clearing, the average investor’s desired asset holding
cannot respond (Corollary 1). It follows that an uninformed investor’s asset holding must
fall.

As noted, the negative covariance between uninformed asset holdings and subsequent
returns is closely related to results in Watanabe (2008) and Biais et al (2010). It occurs
even though the uninformed investor is fully Bayesian in forming expectations about future
returns.

As a final comment on Proposition 1: Recall that the value of information V' is based on
an uninformed investor who responds to return expectations and discount rate shocks Z; +u;;
in the same way as the average investor in the economy, i.e., has characteristics A and B given
by (15). However, in many underpinnings of asset demand (1), the coefficient A; on return
expectations is a joint function of the endogenous perceived return variance, var [Xiy1|Z; 4],
and exogenous risk aversion. Moreover, the same is potentially true of the coefficient B;
on discount rate shocks. As such, the measure V' doesn’t account for the increase in the
average size of an uninformed investor’s average position that may accompany getting access
to better information and thereby reducing perceived return variance.

Two points are worth making here. First, incorporating this effect into the measure V'
would require substantially stronger assumptions about investors’ asset demands than I have
made so far. That is: How exactly does an investor’s asset demand depend on perceived
return variance? Second: Although estimates of the reduction in the perceived variance
of dividend innovations ep; turn out to be relatively large (Section 6), estimates of the
reduction in the perceived variance of returns X;,; are much smaller, because estimates
indicate that most return variance is driven by date ¢ + 1 discount rate shocks (Section 5).
As such, incorporating the reduction-in-perceived-variance effect into V' is likely to have a

relatively modest impact.
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5 Predictability empirics

The key quantities required to operationalize Propositions 1 and 2 are tightly related to
the outputs of empirical analysis that studies the predictability of returns and dividends,
emphasizing the role of the price-dividend ratio.

The literature is sizeable. In this paper, I use of the estimates of Binsbergen and Koijen
(2010), henceforth BK, to illustrate the methodology developed in Section 4. As the preced-
ing analysis indicates, the interpretation of today’s prices requires incorporating the history
of prices and dividends in order to infer the history of discount rate shocks. An important
advantage of BK’s estimates for the evaluation of the amount and value of private informa-
tion is that, as they write, “Our latent variables approach aggregates the whole history of
price-dividend ratios and dividend growth rates to estimate expected returns and expected

growth rates.”

5.1 Estimated VAR

BK estimate an empirical model with exogenous shocks to dividend growth, expected return,
and realized dividends. As emphasized by BK and Cochrane (2008), such an empirical model
is indistinguishable from an alternative one with exogenous shocks to dividend growth and
the price-dividend ratio. I will work with this latter specification because it is stated in terms
of observables, and as such is closer to quantities needed as inputs for Propositions 1 and 2.

Piy1+Dig1
P

Specifically, write r,; = log and Adyy = logD]g—t1 for the asset return and

dividend growth rate between dates ¢ and ¢ + 1. Let u; and g; denote the econometrician’s

date t expectations about returns and dividend growth:

He = E[Tt+1|x7t]
g = E[Adt+1|$].

BK assume that u; and g; follow AR1 processes:

pesr = f+ Qu (e — ) + Vyepr
g1 = Ad+ o, (gt - A_d) + Vgitt1-

Writing pd; = log % for the log price-dividend ratio, along with pd for its steady state value,
and p = %, the now-standard present value approximation (Campbell and Shiller
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1988; for completeness, see Appendix D) is

iy gt_A_d He — [
pdy — pd = — .
' 1_p¢g 1_p¢u

Let Vg1 and vpq.11 denote the unforecastable (to the econometrician) innovations to Adgy4

and pd;yq, i.e.,

Adyyy = g+ Vi
pdiyr = Elpdia| T + Vpdgsr.

Since

pder —pd = % (gt _ A_d) _ Ou (e — 1) + Vgl  Vuit+l
1= po, L—pd,  L—pdy, 1—pd,

¢g - ¢u - - Vg t+1 Vpt+1
= 0 E (g, — Ad) + ¢, (pdy — pd) + —2HL Tl
1_p¢g(t ) u( ' ) 1_p¢g 1_p¢u

it follows that

Vg t+1 Vyt+1
— . 21
L=pog 1—pgy 2y

Since the econometrician observes only dividends and prices, the innovations v, ;41 and v, 411

Vpdt+1 =

: 3
must be functions of vpq+41 and vgyq:

Vgt+1l = QpdVpdt+1 T AdVd,t+1
Vi1 = bpaVpdi+1 + baVasy-
From (21), byq and by satisfy
Qpd _ bpd - 1
1- p¢g 1— p¢u
aq bd __—

1_p¢g_1_p¢u

So the estimated system is

g1 — Ad = ¢ (9 — Ad) + paVpa 41 + Aava e (22)

3Linearity here follows from Cochrane (2008, p. 11). Roughly: {v,, vy, vq} is assumed to be stationary.
Hence {vpq, v4} is stationary; and v, and v, must be linear functions of vpq4, V4.
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Adpyr = g+ Vagn (23)
pdisy —pd = fg_;;;u (9: — Ad) + ¢ (pdy — pd) + vpa 41 (24)
9

The system has ten parameters,
VY 2 2
{Ad7 pd7 P ¢g7 ¢,u7 Qpd, Ad, apdv 04, Upd,d} .

Appendix B details how to recover estimates of these ten values from the estimates reported
in BK. The first five parameters {A_d, pd, p, bq, ¢“} coincide with the BK values. Using the
estimates reported in the first column of BK’s Table II yields the values reported in Table 1.

‘ Parameter ‘ Estimated value ‘

Ad 0.062

pd 3.571

P 0.969

o 0.354

bu 0.932

Apd 0.0482

aq 0.3952

Opd 0.1596

04 0.0576
% —0.3118

it 0.090
bpa —0.0898

R? of Ad,,, regressed on J, 13.9%

Table 1: Parameter estimates recovered by BK

5.2 From predictability estimates to required inputs

The evaluation of Propositions 1 and 2 requires the estimates of the quantities listed in
Table 2, which also summarizes the corresponding economic quantities. Recall that ep; is

the innovation to date ¢ + 1 dividends, though investors observe noisy signals at date .

OE[Xi41|T] +
oP;

In particular, is closely related to the estimated parameter b4, i.¢., the relation

between the expected return (v,;) and the price-dividend ratio (v,4,), holding dividends fixed

opP;
85D,t

(var = 0). Similarly, is closely related to a,g, i.c., the relation between expectations
about the dividend growth rate (v,:) and today’s price (4,), holding current dividends

fixed (v4: = 0).
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Term

Description

Estimated value
(see below)

returns due to
€Dt

%};'jﬁ] Expected return —0.0463
and price
adg—gt Price and 10.961
next-period
dividend
da)f—;tl Realized return 4.5182
and contempora-
neous
dividend
(%f—;ly var [ep,]| ~ Variance of P2, x 0.0120?

2
(_882521 ) var [€z,]

Variance of
returns due to

P2, x 0.01192

€2t
p)
( aa:; tﬁ) var [€z.4] Variance of price Pf_l % 0.162
7 due to €z,
E[Xi41] Equity premium P,_, x 0.0789

Table 2: Quantities to estimate

BK’s estimates are based on nominal annual returns and nominal annual dividend growth

rates. Accordingly, the appropriate risk free rate R; is a nominal annual rate. I use a risk

free rate of 2% in the calculations below.

OE[X 11| Tt
5.3 The term 87]%

The estimated coefficient is

OE [m (7““;1’”1) |Jt}

bpa =

In words: a 100% increase in prices is associated with a decline in the econometrician’s

01nPt

expected return of 9pp (percentage points).
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Manipulation yields (both here and below see appendix for details)

9 B |57 + R
—F X R 1+b,)— R. 2
OP, [ t+1|\7t] ar[xgl“%] ( + ;Ud> R ( 5)

1+

([2t1a] +r)’

To evaluate (25), replace £ [%Lﬂ} and var [X;Tjﬂjt] with their steady state values. To
do so, note that the steady state value of £ [X;Tjﬂjt} + R is approximately the steady state

(gross) expected return, i.e., 1 + i. The steady state value of var [%jﬁjt] is simply the

square of return volatility, i.e., approx 0.15%.

Hence 5 109
—F [ Xi11| T = 72 (1 —0.0898) — R = —0.0463. (26)
or; 1+ (o5)

That is: an increase in today’s price of $1 reduces the ($) expected return by approximately
$0.05.

5.4 The term 2%

86D7t

The estimated coefficient is

OF [In Dy |7}
— — 0.0482.
pd dln P, 0.048

In words: a 100% increase in prices is associated with an increase in the econometrician’s
expected dividend growth rate of Hpp.

Opd, , and then subsequently relate 22 to the
O8dei1 | nNdy, 7, O8dei1 | ndy, 7,
P

desired term Bens” The first step corresponds to switching from “does today’s price predict

future dividends” to “do future dividends predict today’s price”? The second step is a simply

I first relate a,q to

a shift from percentage changes to level changes. The first step is related to Davila and
Parlatore (2021), who argue that the residual variance of current prices after controlling for
future dividends is the correct measure of price informativeness, as opposed to the more
commonly measured residual variance of future dividends after controlling for the current
price.

For the first step:

Opd; _ cov[pdy, Adyy1|Ady, Fi o]
8Adt+1 Ady, Ti—1 var [Adﬂ_l ‘Adt, \71&—1]

18



Evaluating,

cov [PdtaAdt+1|Adt7$—1] = cov [pdtvgt|Adt7x7t—1]
= Ccov [Vpd,tv apdl/pd,t\l/d,t]

= Qapqguar [Vpd,t‘l/d,t] (27)
and

var [Adt+1‘Adt, g7t—1] = var [Vd,t—l—l] —+ var [gt‘Adt, \71&—1]
= war [Vags1] +var [apaVpa,|va,)
= var [Vau] + aoguar [Vpa|vag] | (28)

and hence

Opd A )
ODdrit | gy 5, gt VT Wagsa] + @ gvar [Vpaglvas]

The second term in (29) is the fraction of the residual variance of Ad,, after controlling for

Ad; and J;_; that is explained by further controlling for pd;. If this ratio is 1, i.e., pd; and

Ad, ., are perfectly correlated conditional on Ad; and J;_1, then agi’lﬁl N is simply
dt,Jt—1
the reciprocal of a,,.
Evaluating
var [Vpaelvar] = var[vpg — cov [Vpats Vi) 2var[y ]
= var [Vpay) (1 — corr [Vpag, vas)’) = 0.0230 (30)
and so

azvar [Vpa|vai]

P = (0.0158. 31
var Waza] + goar Wpanlvad (31

The low value of this last term reflects the standard result that today’s price contains very
limited predictive power for tomorrow’s dividend. Returning to (29),
Opd, _0.0158

= —0.328
OAdyi1 | ng, 5, 0.0482 ’

i.e., a 100% increase in date ¢ + 1 dividends suggests that date ¢ prices were 33% higher.
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For the second step, along with numerical implementation:

0P, exp (pd) Opd,
~ ———=(1—covl|pd;, Ad —_— 32
Depy exp (9) ( i, Adea) OAdri1 | pdy, 7, o
= *T=0062 51,0001 x 0.328 = 10.961. (33)

5.5 The term %
€Dt

A first step is to decompose the effect of the date ¢ + 1 dividend innovation on the excess

return X, into its anticipated and unanticipated components:

aXt+1 . or [6D7t|x7t] ath+1 0 (ED,t —F [ED,t|~7t]) aXt+1
aED,t B aeD,zt OE [ED,t|~7t] aED,t 0 (ED,t - LK [ED,t|~7t])
_ OFE[epy| R OE [ Xi1|T]  O(epy — Elepy|T]) O (Pryr + Digr)
B 8€D,t oFE [ED,t‘uZ‘,] aED,t 0 (€D,t -k [ED,t‘uZ‘,])
0P, 0F [X¢11| T4 n d(eps — Elep | Ti]) O (Piy1 + Diya) (34)
aED,t 0P, 8€D,t aDt+1 T 7

where the second inequality follows from the fact that the innovation ep; affects the econo-
metrician’s date t expectation only via the price P;.
Both elements of the first term of (34), corresponding to effect of the anticipated com-

ponent of ep,, are calculated above.
(fD,t_E[fD,t|Jt]>

. . o
In the second term, corresponding to the effect of the unanticipated component,

O€p ¢
is 1 — R? (Ad;,1 on J;). This is reported in BK. Finally,
O (Pir1 + Diya) ~ 14 et (COU [Vpd,t+1; Vap+1] i 1) (35)
0Dy 1 7 var [V 41]
0.1596
= 1+ (03118 x —— +1) =5. .
+e 0.3118 x 5o + 5.8370 (36)

So from (34) (and making use of (26) and (33))

0Xi

€Dt

~ 10.961 x (—0.0463) + (1 — 0.139) x 5.8370 = 4.5182.
Perhaps as one would expect, most of the effect of the dividend’s innovation €p; stems from

the unanticipated component. In turn, the unanticipated component both directly increases
the date t + 1 dividend Dy, and also increases the date ¢ + 1 price Pjy;.
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p
5.6 The term (%) var [ep4)

I make use of the decomposition (34). By the law of total variance,?

l P,

Be 6D,t:| ~ var [Py Dy, Ji—1) — var [Pi|Dyy1, Dy, Ji-1] - (37)
Dt

That is, the variance of P, given Dy, J;_1 stems from ep ; and €z;. The term var [P;|Dyt1, Dy, Ji]

isolates the effect stemming from €;;. Evaluating,

aidvar [vpd,t|yd7t]2

(38)

0P, N
var[ ep| ~ P2 ™

Oep var [Vaii1] + al%dvar [Vpae|Vai]

Next, note that

var |:a(€D,t — Elep | Ti))

aEDJ

5D,t:| = var [ep| T,

i.e., simply the variance of the component of €p ; that is unanticipated by the econometrician

given date t information. Evaluating,
SN2
2 Ad ~ P2 20di—2pdi1 Ad
var [ep | J,) = Djvar [e2%+|J,] ~ PP e*2 %2 (e ) var Vg1 -

Putting everything together,

0X1\ 2 .
(8 tH) var [epy] =~ Pf_l 2Ad
€Dt

( OE [ X 1|7\ a2 var [pa|va)®
var |

X
aP, V1] + @201 [Upa |V
d(Piy1+ D 2 (S
n ( (Piy1+ Diya) ) o2(Bd—pd), o Waria])-
al)t—i-l T

The two terms on the RHS correspond to return variation stemming from anticipated and
unanticipated dividend innovations.
From (26), (30), (31),

= 2%:062 % 0463%x.0230x.0158 = 8.82x107".

o245d OF [Xi11| 7]\’ a2 0ar [Vpao|vay]”
var |

OP, Vagi1] + azgoar [Upai|va,]

4Equation (37) holds exactly under joint normality.
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From (36),

(&

2Ad (8 (Pit1+ Disq)

2
) 22y [y 4] = €202 % 5.83707 x 2 (0623570 5 () 05762 = 1.45x107%.
OD¢ 11

Jt

Anticipated date t+ 1 dividend innovations contribute a negligible amount of return variance
relative to unanticipated date ¢t + 1 dividend innovations.

Hence

0X,11\?
< a€;+t1) var [ED,t] ~ Pf_l x 1.45 x 1074 = Pt2—1 % 0.01202.

2
5.7 The term (M> var [ez4]

Oezy
Note that 9
0X
( 8et+1) var lez] = var [E [Xy1| D1, Fi) | Degr, Dy, Jial -
Zt

Evaluating,

aXt+1 2 var [E ] ~ P2 €2A_d eA_d wa —'— ¢ — R i var |:Vpd|yd:| (39)

Oezy ot =1 1L — poy . 8 o
From (30),

Py o 2 .354 — 932 ’

( 862 ) var ezg ~ P2 2X062 5 <6.062 <1 60 0 x .0482 + .932) - 1.02) x 0.0230

= P’ x141x 107" = P2, x .0119%.

Date t discount rate innovations make approximately the same contribution to the variance

of the return X, as do unanticipated date ¢ + 1 dividend shocks.

Remark (Aside): Combining the variance to returns X, stemming from dividend shocks

ep, and discount rate shocks €z gives

X1’ X1\’

L) varfep] + [ 222 ) var[ezy] ~ P2, x 2.86 x 1074 = P2, x .0169%.  (40)
aEDJ ’ aEZﬂg ’

Expressed in percentage terms, date ¢ 4+ 1 innovations and date ¢ discount rate innova-

tions generate a standard deviation of returns of approximately 1.7%. Why is the this

value so much lower than the total standard deviation of returns, which is on the or-

der of 15% — 20%? The reason is that (40) omits the return variation stemming from

0Xi41

2
85Z,t+1) var [€z41]. Using the decomposition

date t + 1 discount rate innovations, i.e., (
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Pt+1 — Pt_leAdt+1+Adt—Pdt—lepdt+1’

2
<8Xt+1 ) var [€z 1] = Pf_leﬁ‘&lvar [z/ffﬂufﬂ} = P? | x 0.1717%
aEZ,t—I—l

In other words, most of the variation in returns from date ¢ to t + 1 stems from date ¢ + 1
discount rate innovations; and the estimated value of this variation is consistent with total
return variation lying in the 15 — 20% range.

In contrast: Because discount rates are highly persistent (the estimated value of the
autoregression coefficient ¢, is 0.93), date ¢ innovations affect prices at both dates ¢ and
t + 1, with modest effects on the return from date ¢ to ¢t + 1.

op, \?
5.8 The term (ae—z‘*t) var €z

By the law of total variance,

aPt 2 2 pd
2, var [ezy] = Djvar [e"*|Adysr, Ady, Ty ]
t

~ Dvar [epdt|Adt,jt_1}
—  Djvar [E [e"*|Ady1, Ady, Tr-1] | Ady, Tii] -

Evaluating, making use of (28) and (29), and then (30) in the numerical evaluation:

op, \?  p2 284 Var [Vagd] var [Vpae|vad
var ez] ~ P/ e 5 : (41)
Oezy var Va1 + a;0ar [Vpa i |Vag)

05762 x .0230

P2 €2><0.062 —
=1 05762 + .04822 x .0230

P? | x .0256 = P? | x .16%,

5.9 The term F [X;,]

Finally, I consider the term FE [X;;1]. This is simply the equity premium, While many
estimates are available, for consistency I use one based on the same BK estimates as the

other terms:

E[Xi] ~ Pe® (" —R) (42)
= P_1e" (™ —1.02) = Py x 0.0789. (43)
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6 The quantity and value of the average investor’s private

information

Finally, I use the estimated values to operationalize Propositions 1 and 2, along with the

decomposition (14).

6.1 The average investor’s information
The average investor’s information is, by Proposition 1,

4.5182

(=T (=)~ 58— (0163 % 10.961)

= 0.899. (44)

That is: The average investor’s information reduces the conditional variance of the dividend

forecast by just over 10%.

6.2 Information in the price relative to the average investor’s in-

formation

To operationalize the decomposition of informational sources (14), note that
Ad ad)? ad)?
var [ep | Ji] = var [Dte t“|$] ~ <Dte ) var [Adpq | Th) = (Dte ) var Vg1
and similarly, and using (28),
C\2
var [ep | Ady, Ji-1] = (DteAd> (var [Vars1] + af,dvar [VPd’t‘I/d,t]) )

Hence
var lep | Ji] var [Vg41)

var [ep| Dy, Ji-1]  wvar [Vait1] + agdvar [Vpat|Vai]

Hence, by (31),
var [ep+| T
var [ep | Dy, Ji-1]

In other words, the average investor learns much more from his/her own information than

~ 1—0.0158 = 0.9842.

from the price.
How can the average investor have substantial information, and yet the price have little
information? Loosely speaking, the aggregate discount rate shock dominates price fluctua-

tions, reducing the information content of the price for dividend innovations.

24



6.3 The value of private information

The value of the average investor’s information is given by Proposition 2. A key input in
Proposition 2 is T, relating to the precision of the average investor’s signal about dividends.
Proposition 1 does not separably identify 7 and Y. However, the value of the average
investor’s information is bounded by the case of the largest possible value of 7, coupled with

the lowest possible value of T, i.e., 7 = 0.101 and T = 0. Evaluating at these values:

cov [QL—’ta Xt+1}

A T 1-.101 0.16 4.5182

= {-P2, x191x107° —P?, x1.33 x 107°}, (45)

101 0.011910.961
( ) x P2, x 0.0120?

and so

VA {1 _ 1.31><10*5 1 1.;[3><10*5 } = {1.003,1.002}.
07892 07892
Why is the value of private information so small? While the standard deviation of returns
(expressed as a percentage) is in the 15% range, the standard deviation of expected re-
turns is an order of magnitude lower. In particular, the estimates of Section 5 suggest that
the standard deviation of expected returns is on the order of 1%, stemming overwhelming
stemming from date ¢ discount rate shocks. So if the average investor’s information re-
duces perceived variance by 10%, this corresponds to a reduction of .1 x .012 = 1075, This

back-of-the-envelope calculation is consistent with the output of the calculation in (45).

6.4 Bounding the ratio of idiosyncratic to aggregate discount rate
shocks

Proposition 1 can also be used to bound the relative importance of idiosyncratic to aggregate
discount rate shocks.

From (44), an uninformed investor’s informational advantage T relative to the econo-
metrician is bounded above by 1 —.899 = 0.101. From (6), it follows that the ratio of the

variances of idiosyncratic to aggregate discount rate shocks satisfies

var [u; ] - .899 L var lep.t| Tt
var [ez;] — 1 —.899 var eps )

var[eDytLﬁ]

The ratio is the R? of Ad,,; on the econometrician’s information set. BK report

var[eD,t]
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a value of 13.9%. Hence, and expressed in more familiar standard deviation terms,

var |u;

var il o 77,
var [ezq

That is, the standard deviation of idiosyncratic discount rate shocks must be at least 2.77

times that of aggregate discount rate shocks. If this were not true, the information that

individual investors would be able to extract from public prices would exceed the total

quantity of their information estimated in (44).

7 Concluding remarks

In this paper I derive a methodology for estimating the quantity and value of the average
investor’s private information. The methodology is based on relatively general assumptions
about asset demand, coupled with a focus on the first two moments of all relevant distribu-
tions. The methodology makes use of market clearing conditions to yield sufficient statistics
formulae for the quantity and value of private information.

I operationalize the methodology using estimates from the price-dividend predictability
literature, specifically, those of Binsbergen and Koijen (2010). Using BK’s estimates suggests
that the average investor possesses substantial private information about future dividends,
but little of this information is impounded into prices, and the value of this information is
relatively small. The combination of these results reflects the large role that discount rate
innovations play in price fluctuations.

BK’s estimates reflect, naturally, a number of specification decisions, including the time
horizon (one year) and the set of public conditioning variables (prices and dividends). The
sufficient statistics formulae hold independently of these estimation choices, though of course

the estimates of the quantity and value of private information are sensitive to these choices.
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A Appendix: Proofs

Proof of Lemma 1: By the standard formula for the conditional variance given joint

€Dt
= var |Zo.i.t
€Z ¢

< var [ep|Zo.i ¢

cov [€pt, €2.¢|Zo,i4)

normality,

) ( var [ept|Zoit] covlept, €z.4|To.it] )

var lep4|Zod] + 77!
—1
Ti €Dt
= —ovar ’ |Zo,
var [ep | Zoit] + 7; ! [( €71 ) vt

1 0 0
+ -
var lep|Zod] + 77 ( 0 war [ez | Toid var [ep|Tod] — covleps, €24 Tos) )

-1
7; €Dt
= —oar ’ |Zo.i.t
var [ED,t‘Io,i,t] + 7 ! [( €24 ) ‘

: (47)
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where the final equality follows from (3). In particular, (47) implies

Tvar [€p 4| Z; 4] B 1

var [ep | Zo.i 4]  var lept|Zoit) + 7‘2-_1’

and hence

. var lepi|Zoie] 7t _war [epy|Z; )

1—mvar|epZii] = = =
‘ [ep4[Zi var [ep 4| Zoit] + Ti_l var [ep | Zoit] + 7'2-_1 var [ep | Zo.i ¢

. (48)

Substituting (48) into (47) yields (4).
Similarly,

€Dt
var |Zo.:.¢
€Z ¢

cov [epyt, €24 Tt]

( var ez T ) ( cov [ep s, €z4|Th] var [z Tt )
= Uar[(eat)LZ]_ Zt|Jt

var [ez| Ji| + var [u; 4]

var [, ] €Dt
var [z J] + var [ui,t]var [( €74 ) |jt]

2
var[ep | Tt var[ez +|Tt] —cov[ep 1,624 Tt]

0
— var[ez’ﬂjt] +var|u; ¢

0 0

which by (3) delivers (5) and completes the proof.

Proof of Lemma 2: Let W denote the row vector of variables in Z;,. Since all random
variables are normally distributed,

0 [ OW T 1 -
8€D,tE lepi|Zi] = covlepy, W]war W] (861) t) = mcov lep.s, W]var [W] ™" cov[eps, W]T
0 [ OW\T 1 _
aEZ,tE lepelZis] = covleps, W]var [W]™ <8€Z,t) = mcov lep., W]war [W] ™" cov ez, W]T
Moreover,
€ € € € !
var bt |Zi+| = var P =cov Py w var (W] cov Py ow
€Z ¢ €Z ¢ €2t €2t
and so

var [ep|Zis] = wvarlep| — covepy, W]var [W]_l cov [ep ¢, W7
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cov[epy, ez4|Liy] =

Hence

and similarly,

aEDﬂg

0

aEZ,t

aED

aEZﬂg

it

Since cov [ept, €24 = 0,

0

E

8€D,t

0

E

aEZ,t

€Dt
|\ €2t

€Dt

(

€zt

E [ED,t ‘Ii,t]

E [ED,t ‘Ii,t]

E [EZ,t |Ii,t]

E [EZ,t |Ii,t]

)i
)i

cov

l€pt, €24 — cov[epy, W]var [W]_l cov ez, WT.

1
var [ep.] (var [ept] — var [ep|Z;4])
1
var [EZ,t] (COU [ED,t, Ez,t] — COv [ED,t, EZ,t‘Ii,t]) 7
o Covlenanend — covfenexilTul)
cov [e€py, €24] — cov lepy, €2.4|L;
var [ep, Dits =2t Dty €zt Lit
1
var [EZ,t] (var [€z,t] —var [EZ,t|Ii,t]).

var [e€p 4| Z; 4]

(
[

B 1
) N _Uar[eD,t]
1
[

var [ez.4]

cov [€p 4, €2,4|Z; 4]

cov [ep i, €2.4|Z; 4]

) |

var [ez:|Zi ]

By Lemma 1, these expressions rewrite as

0

aEDJ

0

aEZ,t

(E
(E

(
(

€Dt
€2t
€Dt

€2t

)i

)i

-(
il

€Dt
€2t
€Dt

€2t

var [ep | Zo,i 4]

B 1
) ) T war €D
1
) - =

var [€z,]

(
(

cov [€p s, €2,4|Lo,i¢]

cov [€pt, €2.¢|Lo,it)

var [ez.+|To ;4]

which in turn imply the first two expressions in Lemma 2.

) (49)

) (1 — rwar [ept|Zi4])

) (1 —rwar [ep|Ziy])

Similarly, the analogues of (49) and (50) for the information sets Zy,;, and J; combine

with Lemma 1 to deliver the third and fourth expressions in Lemma 2, completing the proof.

Proof of Lemma 3: By conditional normality,

var [ep | Tt var [ep] —

chvar [ED,t]z

ciar ez var [ep]

var [cp€p s + Cz€z4]

cZvar [627,5]2

a ctvar [epy] + cZvar [ez,]

chvar [ep ) var [ez,]

var [z T var [ez] —
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delivering the result.

Proof of Lemma 4: Using (9) and (10), the market-clearing conditions (7) and (8) rewrite

as

0X A; (1 — mvar [ep|Z; 9
w1 Al lep.elZiel) (Xep1 — E[Xeq1|Zoae]) = 0

Oep [ A dep.y
X1 fBi fAi (1 — ryvar [epy|Zid]) O

— — ’ ) X o E X I ' _ .
aEZ,t fAz fAz 8€Z,t( t+1 [ t+1| O,Z,t]) 0

The result then follows immediately.

Proof of Proposition 2: Substitution of Corollary 1 into the definition (16) of V' gives

Elgr i B[ X 41]
E[qot] E [Xi41] + cov [qot, Xis1]

V=

Substituting in asset demand,

AE [ X, 4] 1

AE [Xt+1]2 + cov [C_Io,t>Xt+1] N 1+ C"”[%T'thtH] ’
E[X¢41)?

establising (17).

From the market-clearing condition (8) ,

0X 0
/Ai AL /Bi - /Ai (1 —rwar [ep|Ziy]) 57— (Xeg1 — E [Xi41]Zo4.4]) = 0.
Oezy D€z

Dividing by A = [ A;di and substituting in for 7 and B yields

0X,y1 B D)
Jezy A 1-7) aEZ,t( t+1 [ X111 Z0.i4])
and hence . ,
zazzi + TaEZt (Xt—l—l —F [Xt-l-l‘-,z’-o,i,t]) =0. (51)

Further below, I establish that forecast error sensitivities are related according to

2 (X, — E[X,|T;,)) var [€p 4] =

aEZ,t - 8eD,t (52)
e - (Xi = E[X|Ti]) var [ez.4] 821;

Equality (52) follows entirely from updating rules, making use of the fact that all relevant
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date t information sets include the price P;. Substitution into (51) yields

P,
1 0qo, var[epy) dep, O
— ) :T ) Dt (Xt—EXt|IOt)’
A 8ez,t var [GZ,t] 665—1;: aEth [ A ]
and hence, using (11),
P,
l aq(],t o var [‘SD,t] Oep ¢ oF [Xt|_’z,-0’i’t]
A - aP, .
A ez, var [ez.] o Oep.y
Also from (11),
1 Oqo,
ZaeD; N T
8Xt+1 - 1 _ °
O€p ¢ T
Substitution of these last two equalities into (18) gives
2 OE[X¢v1|Zo,56] 0P 0Xig1 9
cov [@ X ] _ T aXt-i—l var [E ]_ 8ED7,5 85Dt’t 85Z,t 8Xt+1 var [6 ]
A e 1— T aEDt Dyt 0Xt11 OP  0Xt41 aEDt Dit]
’ Oep t Oez,t Oep )

which simplifies to (19).
It remains to establish (52). By the analogue of (3) for the information set Z; ;, expressions

(49) and (50) from the proof of Lemma 2 can be written as
0 > [ €Dt ‘Ii,t_ B 1 _ 1 var [ep | Z; 4]
Oepy |\ €z | 0 var [epy] \ cov l€nt, €z.4|Zi 4]

0 [ €Dt ] 0 1 cov [ED,M 6Z,t|Ii2,t]
s (e ) U1 ) = v | lmenint |
and hence

var[5D7t|Ii,t]
0 > €Dt .| - €Dt _ var lept] covlep i, €z4|Liv] O > €Dt T
Oezy €21 €7t var ez wvarlept|Zis] Oepy €71

Moreover, the analogue of (2) for the information set Z;; implies

OP,
covlepezalTie] _ o epg
var [ep 4| Zi 4] ¢z 8‘2—];; ’

delivering (52) and completing the proof.

31



B Appendix: Parameter values in (22)-(24)

B.1 From observable moments to parameter values

The parameters to estimate are: {Afd,pfd, P, Pgs Pus Apd; Qs O’Sd, o2, Upd,d}.

Of these, pd and Ad are estimated using the sample means of pd; and Ad,, and p is in
turn a function of pd.

The remaining seven parameters {Afd,pfd, 0, gbg,gbu,apd,ad,agd,aﬁ,apd,d} are estimated
from the observed variance and covariance of pd; and Ady, including lags.

As preliminaries: Let ag denote the coefficient on ¢; in the pd; transition equation,

_¢g_¢
ao_l—ip(ﬁ};'

The following variance and covariances, which are not directly observable, enter many ex-

pressions below:

2 2 2 9
var [apaVpas + Aavas]  @paCpa T @305 + 20pd0d0pd.a

— — 53
var (g 13 142 (53)
cov (g, Ady] = Pgvar [gi] + cov [apaVpar + @aVar, Var) = dgvar [gi] + apaOpaa + adaﬁ
agdgvar [gy) + cov [apaVpas + Aavag, Vpay]  @oPgvar [gi] + apao ﬁd + Ad0pd.d
cov [ge, pdy] = 1 = .
- ¢9¢M - ¢g¢u

The observable moments are

agvar [g] 4+ 2agppcov [ge, pdy] + 07

var [pdy] = 1 (54)
var [Ady] = war[g] + o3 (55)
cov [Ady,pdy] = agvar [g] + ¢ucov [gr, pdi] + Opaa, (56)
and
cov [Adt+1, Adt] = COov [gt + Vdt+1, Adt] = COv [gt, Adt] (57)
cov [Adyi1,pdy) = cov|g, + Vd,t+17pdt] = cov [gy, pdy] (58)
cov [pdiy1, Ady] = covagg + ¢upds + Vpar+1, Ady]

= apcov (g, Ady] + ¢pcov [pdy, Ady]
= apcov [Adiy1, Ady] + ¢ycov [pdy, Ady]
cov [pdyi1,pdy] = cov [agg: + ¢pupds + Vpa i1, dy]
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= apcov (g, pdy] + @ var [pdy
= apcov [Adyyq, pdy] + ¢y var [pdy]

and

cov [Adpyo, Ady] = ¢gcov (g, Ady] = ¢gcov [Adyyq, Ady]
cov[Adyyo, pdi] = Pgcov gy, pdi] = Pgcov [Adysr, pdy]
cov [pdiya, Ady] = covagGir1 + ¢updisr, Ady]
= agPgcov [gi, Ady] + ¢ cov [pdisy, Ady]
= apPgcov [Ad1, Ady| + ¢cov [pdiyr, Ady]
cov [pdyy2,pdy] = cov[aoge1 + updisr, pdi]
= apPgcov [gi, pdy] + ¢pcov [pdyiyy, pdy]
= apPgcov [Adyi1, pdy] + ¢cov [pdiir, pdy] -

(One can continue to compute further lag covariance, but doing so does not yield any addi-
tional information.)

The parameter ¢, is given by

_cov [Adyy, Ady
 cov [Adyy, Ady]

2

Given ¢, the parameter ¢, can be inferred from the combination of cov [pd;42, pdy|, cov [Ady41, pdy]
and cov [pdyy 1, pdy).

Given ¢, and ¢, the remaining non-redundant moment conditions are (54)-(58).

To solve for {apq, ag, 0oy, 03, Opdd ) first substitute (58) into (54) and (56) and rearrange

to yield expressions for 07, 03, 0pa,q in terms of observable moments and var [g,].

Uf,d = (1 — gbi) var [pd;] — agvar [9¢] — 2a0¢,,cov [Adyyq, pdy] (59)
o3 = war[Ady] — var g (60)
Opdd = cov|Ady,pd] — agvar [g:] — ¢ucov [Adyyr, pdy] . (61)

Next, substitute in for cov [g;, Ad;] and cov [g¢, pds] in (57) and (58) and rearrange to yield

ApdOpd.d + a0 = cov[Adyy, Ady] — pgvar (g

Clpdaf,d + Q40pdd = (1- ¢g¢u) cov [Adyy1, pdy] — appgvar 94,

33



and hence

(Uidvd — aidag) Apd = Opad (cov[Adii1, Ady] — pgvar [g4])

— 03 (1 = @yy) cov [Adyya, pdi] — aoggvar [g¢)) (62)
(Uid,d - Uﬁdgﬁ) aa = 0paa((1— dg0u) cov[Adpr, pdi] — aodgvar [g:])

— O';d (cov [Adyy1, Ady] — Ppgvar [ge]) - (63)

Together, equations (59)-(63) give {aya,@a, 02,03, 0paq} in terms of observable moments

and var [g¢]. The term var [g;] itself can be solved for using (53).

B.2 Recovering observable moments from the reported estimates
in BK

BK estimate the system

- BK - BK
Gi+1 — Ad = ¢5K (gt — Ad ) + Vﬁﬁi—l

Adyyy = g4+ Vftlil
- BK oot — ot - BK BK - BK
pdiy1 — pd = T — pPEGBK (gt —Ad ) + &, (Pdt —pd )
7

1 BK 1 BK
_— +—v
1— pBK(bEK pt+1 1— pBK¢gBK g,t+1

‘o BK BK | _
under the restriction that cov [ngt 1Vt +1] =0.

First note that the relation between {AdBK, pdeK, pBE. gbe , gbe } and observable mo-

ments is exactly the same as the relation between {Ad, pd, p, qﬁg,gbu} and observable mo-

ments. So is immediate that
- - - BK —-,BK
{Ad,pd, p. 65,0, } = { Ad™ pd™ o7, 6BK g8} (64)

As such, it is only necessary to recover the five moments that are use to infer {apd, ad, Uf,d, o2, apd,d},
namely var [pdy], var [Ady], cov [Ady, pdy), cov [Adyyq, Ady] and cov [Ady11, pdy]. Explicit eval-
uation implies that these five moments are given by the following expressions (in light of (64),

I drop the BK subscripts on {Afd,pfd, ps Pg, ¢u}):

BK)2

1—¢?

var [g)] =
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cov (g, Ady] = ¢guar gy

gvar ] — 25 4 G
A0PgVaT i) = T=pg, + T3,
cov gy, pdy| =
[9¢, pdy] =y
var [pd,] = atvar [g;] + 2a0¢gcov 9, pd)
=)
( 1 )2(UBK)2+( 1 )2(0.BK)2_2 1 1 BK
n 1—pou H 1—pog g 1=ppp 1—pdg = 1,9
1—¢2
var [Ady] = war[gy] + (UC?K)Z
1
cov [Ady,pdy] = agvar [g] + ¢cov [gr, pdi] — — ol
1w

cov [Adyi1, Ady] = cov gy, Ady]
cov [Adyi1,pdy]) = cov gy, pdy] .

C Appendix: Details for calculations in subsections 5.3

to 5.9

C.1 Details for term (25)

The estimated coefficient b, is

08 [ () |7 0 [1n (R ) 1T o (X, + £P) |

i = - — 1.
pd Oln P, dln P, t P,
For any random variable Y, E[InY] ~In E[Y] — %gﬂ[@? 5Hence
1 var [ X1 + RPt|jt]) B
b~ E E[X;11 + RP|J] -1
'pd t (E[Xt+1+RPt|\7t] E[Xt+1+RRg|$]3 apt [ t+1 t‘ t]

5To obtain this approximation: The second-order Taylor expansion is

Y —E[Y] 1(Y-E[])?

InY~InE[Y]+ E[Y% ]—5( E[Y%Q]) .
Hence L var [Y]
E[lnY]%lnE[Y]—iE[Y]Q.

35



Xit1
var [Tt‘jt}

! 0
— 1+ 5 EXa|B)+R) —
e X 9P,
B[] + (5| 5217] + r) :
yielding (25).
C.2 Details for (32)
OP, - 0P, kK dlog P, P Opd,
Oepi ODivi|ag.z, D1 0108 Divi|ng, 5, Div1 0Adiii|ng, 5,
To evaluate, replace DP with its expected value,
Py
P P E [_J b
E[Dt :|:E[D?i1] ~ TD‘FCOU ﬁ7DtH
t+1 Dy E [%ﬁl] b oS
exp (E [pdy])
~ oxp (Ady) d ~Ad
oxp (Adyoy + cov [exp (pdy) , exp ( 1)l
xp (pd)

Q

C.3 Details for (35)

O (Pis1 + Dyy1)
0Dy 41

Jt

exp (g) (1 — cov [pdy, Ady+1]) -

P,y 0Olog Py
Dt+1 alOth+1
)
Pt+l dlo 0og D,jrll
D1 0log =5 Dets .
%

1 + el ( n 1)
OJAN P P

1 4 ePde+ (COU [Vpd,t—l-la Vd,t+1]
var [Vg41)
1+ e (COU [Vpdt+1, Vd,t41]
var [V i41]

)
r).

Q
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C.4 Details for (38)

Evaluating (37):

var {;ft ED,t} = Dj (var [e"|Ady, Fr—1] — var [e""|Adir, Ady, Fr—1])
Dyt

= (Pt_leAd’f_pd“l)2 (var [epdt|Adt, jt_l} —var [epdt|Adt+1, Ady, Jt_lD
2
~ P2 e2hd-2pd (epd) (var [pdy|Ady, Fi_1] — var [pdy| Adysr, Ady, To—1))

= Pt2_1€2Ad (var [Vpar|Var] — var [Vpai|Vas, GpaVpdr + Gavae + Vags]) -

Evaluating,

var [Vpat|Vag, Gpapae + aavar + vapa] = var [Vpae|vae, Gpavpas + Vai]

af,dvar [vpd7t|1/d,t]2

= wvar [l/pd,t|Vd,t] ~ var [l/d,t+1] + af)dvar ['Upd,t|7/d,t]’

yielding (38).

C.5 Details for (39)
Expanding

D%E [Xi41| D1, Ti]
= B [epdt+1+Adt+1 + eBdir1 _ Repdt|Dt+17 Z}
eBlrdentAdea|Adep Ao Tl (B (pdy 4+ Adyyy | Ader, Ji) — E [pdisy + Adir |Adyyy, Ady, Ji-q))
+ LA+ 1| Adis1,Ady, Ti—1] (E [Adt+1|Adt+17 u7t] - F [Adt+1|Adt+17 Ady, u7t—1])

Elpdt|Ad Ad _
—  ReElpdi|Adii1,Ade,Te-1] (E [pdi| Adyiv, T] — E [pdy| Adysr, Ady, To—1])
+ 6E[pdﬁ+1+Adt+1‘Adt+1,Adhjtfl] + eE[Adt+1|Adt+1,Adt,Jt,1] . ReE[Pdt|Adt+17Adt,\.7t—1]

Note that

E [Pdt+1|Adt+1, \7t] - FE [Pdt+1|Adt+1, Ady, jt—l]

_ ¢g_¢u N ¢g_¢u
=k L _ /nggt + ¢Mpdt|Adt+1u7t:| E L — /nggt + ¢updi|Adyi1, Ady, Ji-a
¢g_¢u pd pd|. d
(1 _p(bgapd‘l'gbu) (Vt E |:Vt |Vt])
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and

[pdt‘Adt—l—la jt] - F [pdt‘Adt—l—la Ady, jt—l]
= Vfd E [Vfd|yf] )

Hence
B (X, | D, T
Dt t+1 t+1, Jt
~ <6E[pdt+1+Adt+1Adm,Adt,Jt 1] <<1¢g_ ‘zuapd +¢M) ReEpdi]Adi1,Ade Ti 1]) (ufd _E [Vfdwz])’
g
and so
aEZ,t Zt

~ Adi—pdi—1\2  _pd [ Ad (bg - (b,u _ 2
~ (Pie ) (e (e - apd + Oy R var[ |1/t}
2
P2 Al ( Ad (f_ Z apd—l-%) — ) var [Vfdh/f] :
9

C.6 Details for (41)

Q

Using (28) and (29) in the second equality:

OP, \? _ d
( t) var ez =~ thezpd var [Vpai| Vi — <£

2
Oczi Adry, ) var [Ady 1| Ady, J,]

Ad,Jt—1

- a2 war (Vg |vasl?
— thezpd var [Vparvat| — Opd Vpatlvad]
e var [Vg 1) + a? ~qvar [Vpa.t|Va.t]

Ptz_ ) o201 —2pd; 1 ,2pd var [Vpd|vad var [Vai]
var [Vais1] + agdvar [Vpa.t|Va.t]
var [Vgii1] var Vpa|Vas)
var [Vgis1] + agdvar [Vpat|Vas]

2 2Ad
P e

Q

C.7 Details for (42)

<mmﬂ:EFPmW—M—MH
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= BB [Poaediorior (¢ — Ryt )
P (e" — R).

Q

D Appendix: Standard present value approximation

B P+ Dy
ripr = log — p
t

Piii+ Dyyr Dy &
Dy D, P
Pt+1 )) Dt—i—l Pt
= log(1+exp|lo + lo — log —
g( p(gDH1 ep, ~loep
= log (1 +exp (pdit1)) + Adyyr — pdy

exp (pfd) -
W (pdt+1 Pd)

= log

~ log (1 + exp (p_d)) +
+ Adi1 — pdy.

exp (pH)
14+exp ( ;;d)

Recalling p = and defining K, = log (1 + exp (pd)) — ppd

pdy = ppdiy + Adppy — 1 + Ky

Iterating forwards
[ee] K*
~ E s—1 _ pd
pdt ~ 2 p (Adt-i-s Tt+5) ‘l‘ 1 — p

Taking expectations of both sides, the AR1 assumption implies

Ngt_dd_ﬂt_ﬂ Ad—ﬂ+Kﬁ
L—pdy 1=ppp 1—p 1=p

pdy

and hence _
g: — Ad MR
L=pog 1= poyu

pd;y — p_d ~
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